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Optimization of Interplanetary Orbit Transfers
by Dynamic Programing
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A low-thrust interplanetary orbit transfer process is approximated by a piecewise linear
process. The process includes the effects of perturbing gravitational forces from Earth, Mars,
and Jupiter. The process is optimized by the method of dynamic programming. Conver-
gence of the iterative computational process to an approximate solution is investigated by
contraction operator theory. Convergence of the approximate solution to the actual solu-
tion of the differential equations and constraints defining the orbit transfer as the number
of decision stages approaches infinity follows from well-known existence theorems in differ-
ential equation theory. Numerical results are presented to show the effect of the number
of decision stages on convergence in orbit transfer space. In addition, the effect of the
number of decision stages on the convergence of Aa, the error component for the semi-
major axis, is determined in function space. Some effects of integration errors on the
capture conditions at the termination of the orbit transfer are also presented.

Introduction

THE orbit transfer problems to be considered in this paper
involve the modification of the motion of a space vehicle

moving in a conservative force field. This motion is to be
changed from that defined by some known initial trajectory
to that defined by some desired terminal trajectory in ac-
cordance with some specified performance criteria. The
objective of an orbit transfer may be to correct the orbit of a
24-hr communication satellite to one more nearly circular,
more nearly equatorial, and with a more precise period.
Other objectives might be the transfer of a space vehicle
from the Earth's orbit to the orbit of Mars by the use of a
low-thrust propulsion system, and the rendezvous of a ferry
vehicle with an Earth satellite.

The motion of the vehicle can be represented by the time
behavior of the variables forming the set of solutions to the
differential equations of its motion. The choice of a suitable
coordinate system depends upon the particular circumstances
under which the motion takes place. Usually, the motion
of the space vehicle also must satisfy a set of performance
requirements that can be represented mathematically by a
functional. When system performance requirements are
satisfied by the vehicle's motion, this functional assumes a
minimum or maximum value. The functional often con-
sists of a measure of the terminal errors in the variables
describing the vehicle's motion and a measure of the energy
used during the orbit transfer.

Equations of Motion

When the attraction of the sun is the only force acting on a
space vehicle it will travel along a conic section, say an
ellipse, with one of its foci located at the sun. It is well
known from celestial mechanics that an elliptic orbit can be
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defined by a set of six parameters. These parameters define
the size and shape of the orbit, its orientation in space,
and the time at which the vehicle was at a particular point
on the orbit. There are many possible sets of orbital param-
eters which have useful properties for special circumstances.
Any particular set of these parameters will be denoted by
Pi, i = 1,2, . . . , 6 and represented as an orbital parameter
vector

P = (i)
In an inverse square force field vector p is constant. How-
ever, when rocket thrust or perturbing forces from natural
causes act on the space vehicle the values of the orbital
parameters change with time. It is shown in most books on
celestial mechanics that the time behavior of the orbital
parameters caused by perturbing forces is defined, to a first-
order approximation, by six ordinary first-order differential
equations which can be expressed in vector matrix term as

dp/dt = Afat)-fw(t) (2)

where fw(t) represents the time behavior of the perturbing
forces caused by rocket thrust and natural causes.

The vector-matrix matrix differential equation defining
the time behavior of the orbital parameters can be formally
integrated to yield

p(t» + r) = p(fo) +
(•tQ + T

A fa
J to

t) fw(t) dt (3)

The integral can be approximated by a midpoint quadrature
routine1

/•*O + T

J to

where

Defining

A f a t ) fw(t) dt « ̂  A(mi;ni)fw(ni) At (4)

= (pi+i + p,-)/2, Hi = (fc+i + ti)/2 (5)

A^ = ti+i - «,-, r = NAt (6)

Atfw(n<) = AW,- (7)
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we can write

p,-+i = pi + (8)

where pz = p (£»•)> and At = A(m»;n»).
If the desired terminal orbit at tQ + r is denoted by the

6 X 1 vector pT, then substracting both sides of the difference
equation for pz+i from vector pT yields

Api+1 = Ap, - 0,1, . . . , N - 1 (9)
where

Ap, = pr - p,, AW; = AIL + (10)
where AU; = velocity vector increment due to natural per-
turbing forces acting during the (i + l)th interval, and
AV, = velocity vector increment due to rocket thrust acting
during the (i + l)th interval. This equation gives a piece-
wise, approximate solution for the orbital parameter correction
vector Api+i during the orbit transfer process.

System Performance Indexes

In an orbit transfer process, the objective is to change the
motion of the space vehicle or satellite from some initial
orbit to some desired terminal orbit. Therefore, it will be
assumed that some measure of the terminal errors in the state
variables is to be minimized. The mass of rocket fuel con-
sumed during the orbit transfer is another important factor.
Thus, a fuel constraint term will also be included in the
system performance index.

At the termination of the orbit transfer the orbit parameter
correction vector becomes

= pT - p(to + T) (11)

and its components are the negative values of the terminal
errors. Since we are to consider an Ar-stage decision process,
we can denote Ap(£0 + r) by Ap^v and express the sum of the
weighted squares of the terminal errors as the quadratic form

Ap#TQAptf (12)

where the 6 X 6 matrix QN is a unit matrix if the errors are
all given.

The form of the fuel constraint depends on the space
vehicle's propulsion system. Consider a low-acceleration
orbit transfer using a nuclear propulsion system. The re-
actor thermal power Pr is related to the exhaust jet kinetic
energy by the expression2

w^here
yy) (dm/dt)c\t}

(dm/dt)c*(t)

(13)

(14)

If we eliminate c(t) from these two equations and integrate
we obtain

(15)r)

Minimizing the fuel consumed is equivalent to maximizing
the mass of the space vehicle at the termination of the orbit
transfer. This is accomplished by making Pr as large as
possible and choosing vector a(0 to minimize the integral
during the orbit transfer.

We shall be considering a discrete decision process. There-
fore, the integral in the previous expression must be approxi-
mated by a summation before it can be incorporated into a
performance index. If we divide the time interval to ̂  t ^
fo + T into Af equal subintervals Atf, one for each decision
stage, then the integral can be approximated by

/»<o

J to
ikon**« z (16)

where A£ = tk+i — fo, k = 0, . . . , N — 1. Since a(fo) is a
constant vector over each subinterval we can write

|]a(4)|| = ||AV*||/A« (17)

where ||AV*|| is the Euclidean norm of the velocity vector
increment caused by rocket thrust acquired by the space
vehicle over the (k + l)th subinterval. Therefore, the
integrals can be represented approximately by

/»«0

J to

I N-I
~ - T. AVt'AV* (18)

If we combine the quadratic fuel constraint summation
Eq. (18), with the quadratic terminal error measure Eq. (12),
we obtain the performance index for the A^-stage decision
process representing the orbit transfer

N-l
JN = ApN?QNApN + X AV*rAVfc (19)

The constant factor 1/AJ has been absorbed into the weighting
constant X. This performance index is minimized for a given
value of X by choosing the optimal set of AV& vectors. Ad-
justing the value of X weights the minimization of terminal
errors against the minimization of the fuel constraint.

Optimization by Dynamic Programing

When the time behavior of a set of two-body orbital pa-
rameters is used to define the space vehicle's motion, it is con-
venient to define the orbit transfer process as a discrete
decision process. The optimal policy for such a process
consists of a set of N 3 X 1 vectors AV&, k = 0,1, . . . , N — 1.
Each AV* represents the vector increment in the space
vehicle's velocity vector during the (k + l)th stage of the
orbit transfer process caused by rocket thrust.

We begin with a definition of the minimized performance
index or cost function fN (Ap0) = the cost of an orbit transfer
process of N stages, when the initial stage is Apo, and an op-
timal decision process is used. The principle of optimality
for an orbit transfer process represented as a discrete decision
process can be expressed as follows:3-4 An optimal sequence
of incremental velocity vectors AVo,AVi, . . . , AW-i has
the property that whatever the initial state Ap0 may be
and whatever choice is made for A70, the remaining sequence
AVi, AV2, . . . , AW-i must constitute an optimal sequence
with regard to the state Api resulting from the choice of AF0-

Recognizing that the terminal error term only contributes
to the value of the performance index for the last stage of
the process we have

= Min[XAVorAV0
AFo

(20)

The first term inside the brackets represents the cost of the
process during the initial stage while /#_i(Api) represents
the cost of the process during the remaining N — 1 stages
which, by the principle of optimality, must be a minimum.
This functional relationship can be used along with the
difference equation for the orbital parameter correction
vector derived earlier to obtain the following set of recurrence
equations for an Af -stage decision process.3-5

- Qk+iAk + X/)

QN = I

X7) X
/ N-l
Ap fc- £ Ai

\ i = k

(21)

(22)

(23)



560 C. T. LEONDES AND F. T. SMITH J. SPACECRAFT

= Ap0 - > X

( Apo - ^E1 A.AU.Y k = 0, 1, . . . , N - 1
\ »-o /

(24)

Iteration Process

In the recurrence equations derived previously, the ele-
ments of matrix A change their values from stage to stage
as the values of the orbital parameters change during the
orbit transfer process. Since the time behavior of the
orbital parameters during the orbit transfer process is not
known beforehand, an initial estimate of their behavior must
be made and an iteration process used.

The iteration process is started by assuming that the orbital
parameters change by an equal amount during each stage
of the process, i.e.,

A tentative set of orbital parameter vectors pk, k = 1,2, . . . ,
N — 1, is computed on the basis of this assumption, and the
A matrices are evaluated. Based on this tentative set of
matrices the following equations can be alternatively eval-
uated starting with Ap0 until ApN-i is obtained

AV* = (AkT / Ar~1 \Qk+iAk + X/)-1 AkrQk+l ( Ap,- £) 4,-AU, )
\ i=k J

Apk =

= fu(tk-i) At

where fu(tk) is the perturbing force per unit mass due to
natural causes. This force usually depends on the position
of the space vehicle, and thus the time behavior of fu(t)
depends on the time behavior of the orbital parameters
during the orbit transfer process and on the motions of the
perturbing bodies.

The set of vectors Ap&, k — 0,1, . . . , N — 1, so obtained
is used to compute a new set of orbital parameter vectors
p&, k = 0, 1, . . . , N — 1. This set is used in turn to compute
a new set of A and Q matrices, and the process is repeated
until satisfactory convergence is obtained. A set of control
matrices

T, = (AkTQk+iAk + X/)-1 AkTQk+i
is formed for use in the optimal control process. The set
of incremental velocity vectors due to natural perturbing
forces, AIT*, fc = 0 , l , . . . , A f — 1 has been evaluated along
the optimal trajectory, as has been the final set of A matrices.

In the next section the previous equations will be put in a
better form for computing the iteration process, and con-
ditions for convergence will be determined.

Convergence of the Iteration Process

The matrix recurrence equations derived in the preceding
section must be used in conjunction with an iteration process
when an actual orbit transfer process is to be computed.
This is caused by the fact that the elements of the matrices
in the recurrence relations are functions of the orbital pa-
rameters that change their values from stage to stage of the
process (these sets of values are unknown initially) .

The convergence process can be divided into two parts:
convergence of the iteration process to be approximate
solution and the convergence of the approximate solution to
the actual solution of the differential equations and constraints
defining the orbit transfer. The first part has been investi-
gated by the theory of contraction operators.6 The second
part follows from well-known existence theorems in differential
equation theory.7 ~

If we substitute for AVk in the equation for Ap^+i we
obtain

Apk+i = Apk — AkAUk —
Ak(AkTQk+iAk

Ak (AM^k + X

AkrQk+1Apk
N-l

[I - Ak(AkTQk+iAk + X/)-1 AkrQk+1]Apk -
N-l

[I - Ak(AkTQk+iAk + U)-lAkTQk+i] £ 4,-AU,- +

N-l
- AkAUk

Define the perturbation vector rk by
N-l

Tk = £ A;AU;
i = k

Then

AkAUk = Tk — ik+i
From the recurrence relation for Qk we also have

Qk+r^Qk = I - Ak (AkTQk+iAk + X/)-1 Ak
TQk+i

The equation for Apk+i becomes

Apk+i = Qk+^QkApk — Qk+i~lQkrk + r^+i
or

This equation defines the behavior of the orbital parameter
correction vector along the approximation of the optimal
orbit transfer trajectory in orbital parameter space. It
should be noted that matrix Qk is a function of the com-
ponents of orbital parameter vector p(^).

If we substitute the corresponding relation for (Ap& — rk)
we obtain

(Apfc+i - rk+i) = Qk+r1 Qk Q
= Qk+r1 Qk-i

If we do this repeatedly we have

- rk+1) = Qk+

-i - rk-i)

h+r1 QQ (Ap0 - r0)

If we let k take the integer values 0,1, . . . , N we obtain the
following 6(AT + 1) X 1 dimensional vector equation

Apo - r0 ~ " I " [Ap0 - r0]

Ap2 — r2

Q

_ ApN — TN_

The previous equation can be represented more concisely as

q = tf (q)
Since q is a function of Apk — rk, k = 0,1, . . . , N and these
vectors in turn are functions of p*, k = 0, 1, . . . , N and pr,
operator U may be considered as a function of q.

Application of Contraction Operator Theory

Vector q can be regarded as a position vector from the
origin of a 6 (N ,+ 1) dimensional Euclidean space to the
point defined by the values of its components. Thus, each
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Af-stage decision process can be represented by a point in
this new Q(N + 1) dimensional space that we shall call orbit
transfer space.

The matrix U can be regarded as a nonlinear operator that
maps orbit transfer onto itself. It is nonlinear because the
elements of matrix U depend on the coordinates of point q.
The iteration process associated with the orbit transfer
process consists of making an initial estimation for point q
denoted by q0, evaluating the elements of matrix U, and com-
puting a new estimation from qi = £/(qo)- The successive
repetition of this process can be represented by qn+i =
U(qn) • If the process converges and operator U is continuous
then

Lim qn -» q*
n-*-co

where q*, the fixed point of operator U, satisfies exactly the
equation

q* = tf(q*)
This process will converge if. U is a contraction operator.

Matrix U will be a contraction operator if for any two points
q', q" in orbit transfer space there exists a scalar constant
a < 1 such that6

Orbit transfer space is a finite dimensional Euclidean space
and the metric is defined by the norm

P[C7(q')- U(q")}=
Our convergence criterion can thus be expressed as

The effect of various parameters, such as the number of
stages in the decision process, number of iteration steps, and
the size of ||Ap0|| on convergence, can be investigated by
computing the value of a.

The motion of a point mass representing a space vehicle,
in terms of the time behavior of a set of two-body orbital
parameters, is defined by the following vector-matrix dif-
ferential equation4'5

(dp/dt) = A(p;Of.(0,P(fe) = Po
For notational convenience we shall rewrite the above

differential equation in the simpler form

(dp/dt) = h(p;0, = Po
where h(p;£) is a 6 X 1 vector whose components are func-
tions of the two-body orbital parameters and time.4 We
know from the derivation of the differential equation that
the elements of A(p',t) are continuous functions of the two-
body orbital parameters and time. Furthermore, we have
bounded the values of the two-body orbital parameters,
and we are considering a finite time interval [tofy + r ] .
We also know from physical considerations that the com-
ponents of fw(f) are continuous and bounded. It then follows
that the components of vector h(p;0 will be bounded, uni-
formly continuous functions of time defined on the closed
interval [tofy + r] with p(t) restricted to a bounded region
of orbital parameter space.

The approximate solution to the A^-stage decision process
can be represented by a set of N + 1 orbital parameter
vectors, a set of discrete points in orbital parameter space,
or a single point in orbit transfer space. It has seen shown
that under suitable conditions, the iteration process pro-
duces a sequence of points in orbit transfer space that con-
verges to the fixed point of a certain matrix operator. This
fixed point represents the true solution to the N-stage de-
cision process, and any point in the sequence represents an
approximate solution. Such an approximate solution, ob-
tained by terminating the iteration process after a finite

number of steps, also represents an approximate solution to
optimal orbit transfer, i.e., the previous vector differential
equation. Furthermore, as the number of decisions stages
and the number of iteration steps both approach infinity,
the error of the approximation solution approaches zero.

This last statement follows from theorems in differential
equation theory since the fixed point solution in orbital
parameter space represents an Euler polygon in orbital
parameter space. The vector function sat'sfies all the re-
quirements for the Euler polygon to converge to the true
solution of the differential equation as the number of its
links i.e., the number of decision stages, approaches infinity.

In summary, the error between the approximate solution
obtained by terminating the iteration process after a finite
number of steps and the exact solution to the vector dif-
ferential equation defining the optimal orbit transfer con-
sists of two components. One component would vanish by
letting the number of iteration steps approach infinity and
the other by letting the number of decision stages approach
infinity.

In actual practice there will be finite upper limits to both
the number of steps in the iteration process and the number
of decision stages. These limits will be set either by the de-
sired accuracy of the approximation or by the buildup of
errors inherent to the computation process.

Application to Earth-Mars
Low-Thrust Orbit Transfers

To apply the computation techniques that have been dis-
cussed to the determination of optimum low-thrust orbit
transfers from Earth to Mars, certain simplifying assumptions
must be made. These assumptions result in an idealized
representation of the real world. The practicality of this
idealization depends on whether or not it produces quanti-
tative results satisfying engineering specifications for system
performance. In the absence of actual experimental results,
this question can be partially answered by comparing the
results with those obtained by a less idealized representation
of the problem.

It will be assumed that: 1) The initial values of the state
variables are the result of the motion of the space vehicle
during a previous process originating either with the space
vehicle on the surface of the Earth or in a geocentric parking
orbit (the details of this earlier process will not be considered).
2) The perturbing forces acting on the space vehicle are
caused by the gravitational attractions of the Earth, Mars,
and Jupiter, and these perturbing planets move in helio-
centric elliptic orbits defined by their mean or osculating
orbital parameters at time to and 3) The objective of the
orbit transfer is to establish an artificial satellite of Mars in a
circular orbit that lies in the orbital plane of Mars.

Convergence in Function Space Model for Evaluating
Orbit Transfer

In the absence of actual experimental results, an evaluation
of the performance of the orbit transfer process can be ob-
tained by a less idealized representation of the problem.
One way of doing this is by a more accurate integration of
the equations of motion. This tends to remove some of the
effects of the linearizing assumptions associated with the
finite number of decision stages.

The model for evaluating the performance of the orbit
transfer process consists of three separate computational
processes: 1) iterative computation of a set of orbital param-
eter vectors representing the optimal orbit transfer process;
2) computation of the optimal control vector in terms of
force per unit mass as a piecewise constant vector; and 3) in-
tegration of the nonlinear equations of motion in terms of
rectangular inertial coordinates to obtain a representation
of the true motion during the orbit transfer.
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Fig. 1 Effect of the number of decision stages on con-
vergence in orbit transfer space.

Convergence in Orbit Transfer Space and Function Space

There are two parts to the convergence problem. One
part involves the convergence of the iteration process in orbit
transfer space. This was discussed in terms of contraction
operator theory. The second part involves the convergence

of the discrete decision process to the solution of the dif-
ferential equations of motion as the number of decision
stages approaches infinity. In this section, the convergence
of a particular orbit transfer as affected by the number
of iteration steps and the number of decision stages is dis-
cussed.

The particular case chosen for the investigation has the
values r equals 216 days, X equals unity, and a terminal
satellite orbit of radius 10 ~3 a.u. Perturbations from Earth,
Mars, and Jupiter are included.

The convergence data for the iteration process in orbit
transfer space for 25, 50, 100, and 200 decision stages is
presented in Fig. 1. The measure of convergence is the
quantity (5/N)1/2. The significance of (5/N)1/2 is as follows.
The quantity 5 is the square of the norm of the difference of
two q vectors for two successive iterations

The quantity d has the following geometric iterpretation :
Let the correction for each orbital parameter Api} i = 1, . . . ,
6, be plotted as a function of the decision stage number for
two or more successive iterations. At each decision stage
the ordinate difference between the curves for two successive
iterations is squared, and these values are summed over the
N decision stages. The quantity 8 is the sum of such sums
obtained for each of the six orbital parameters. It is clear
that as the iteration process proceeds the curves for each
parameter should converge to a limit curve. Thus, the de-
crease in d with each successive iteration indicates con-
vergence of the over-all process.

It should be noted however, that the value of 6 in each
case is the sum of 6N squared deviations. In comparing the
data for different numbers of decision stages it is more
meaningful to weight each d value by 1/N, or to compare

Sa

icr4

T = 216 days
X - i.o
rT = 10'3o.u.

1 i I i I i

0.4T 0.6T

Time

0.8T LOT

Fig. 2 Effect of the number of decision stages on the con-
vergence of Aa in function space.

Sa

icr4

First cycle-

Second cycle

First cycle: T = 216 days
Second cycle: T = 16.2 days

X = i.o
ArT = 10~3 a.u.

Sign reversal

40 80 120

Decision stage number

200

Fig. 3 Comparison of integration errors for Aa in the first
and second cycle.
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the parameter (8/N)112. The convergence for all values of
N is evident from the negative slopes of the curves in Fig. 1.

Several factors influence convergence in function space.
It is clear from the comments earlier in this paper that in-
creasing the number of decision stages should improve the
convergence of the discrete process to the actual solution of
the differential equations of motion. However, the compu-
tation of the Q matrices involves a chain of matrix multi-
plications, and the point will eventually be reached where
the buildup of computational errors cancels any improve-
ment caused by an increase in the number of decision stages.
Furthermore, an economic limitation is present, as computa-
tion time and computer storage requirements increase
with the number of decision stages.

Another factor that influences convergence in function
space but is not evident from the convergence theorems
is the rapid growth in magnitude of the perturbing force
from Mars as the space vehicle approaches the terminal
point of the orbit transfer. This factor is brought about by
the necessity of computing in a heliocentric coordinate
system until the vehicle is captured by the gravitational field
of Mars. The magnitude of the perturbing force from Mars
becomes increasingly sensitive to integration error as the
space vehicle nears Mars.

The behavior of the error component Aa for the semimajor
axis as the number of decision stages increases from 25 to
200 is given in Fig. 2. The buildup of the errors with time
is due to the accumulation of integration error. The de-
crease in the errors as N increases clearly indicates con-
vergence of the process in function space.

Initially, the computations must be carried out in a helio-
centric coordinate system until the space vehicle has been
captured by the gravitational field of Mars. At this time
computations can be referred to a Mars-centered coordinate
system and perturbations neglected, except perhaps for
those caused by the figure of Mars.

Two problems exist. First, without using a very large
number of decision stages (>200) the integration in the
iteration process is not accurate enough to permit capture
by Mars. Second, the process is an open chain process,
and initial condition errors arising from previous guidance
processes can result in terminal errors too great to permit
capture, even with sufficiently accurate integration. Both
of these problems are solved by assuming that observational
data are obtained near the end of the process that permits
the state of the vehicle to be computed. The iteration
process is then repeated using this new initial state and a

10*

Fig. 4 Terminal phase for Arr = 10~3 a.u.

icr5

Fig. 5 Terminal phase for Arr = 8 X 10~4 a.u.

process duration equal to the time remaining in the original
process. This procedure results in a much smaller integration
error since smaller corrections in the orbital parameters are
required and the time duration is shorter. The effect of a
second cycle on integration errors in Aa is presented in Fig. 3.
As will be shown below, capture of the space vehicle by
Mars is easily achieved with the two-cycle process, provided
the radius of the terminal satellite orbit is not too small.

Over-All System Performance

Once capture occurs, the resulting satellite orbit can be
refined by computations made in a Mars-centered coordinate
system. Since the accuracy of the computations is affected
by the proximity of the terminal point to Mars, i.e., the
radius of the desired satellite orbit, let us investigate this
point further by selecting four circular satellite orbits with
radii of 10 ~3, 8 X 10 ~4, 6 X 10 ~4, and 4 X 10 ~4 astronomical
units. These correspond to 44.13, 35.30, 26.48, and 17.65
Mars radii, respectively. Capture by Mars will occur when
the position and velocity of the space vehicle relative to
Mars satisfy the criterion

As2 < (2/i/Ar)

where As is the velocity of the space vehicle relative to
Mars and Ar is the distance of the space vehicle from the
center of Mars. For all four cases the over-all process
duration is chosen to be 216 days, and the second cycle is
started 16.2 days from the terminal point. This time dura-
tion is an arbitrary choice, and in an actual orbit transfer
would be determined in part by the availability of observa-
tional data. For both cycles of the four cases, A is unity.

The curves of As2 vs Ar for satellite orbit radii of 10 ~3,
8 X 10 ~4, 6 X 10~\ and 4 X 10 ~4 a.u. are shown in Figs.
4-7, respectively. The line for parabolic orbits that defines
the region of capture by Mars and the line that defines the
condition for circular orbits are plotted on each figure.
The circle labeled 2 indicates the point on the first cycle
trajectory where the second cycle starts. The circle labeled
T indicates the condition for a circular satellite orbit with
the desired radius. It is clear that the cases with satellite
orbit radii of 10~3, 8 X 10~4, and 6 X 10~4 are captured,
but the case with the terminal satellite orbit radius of 4 X 10 ~4

is not captured. Furthermore, the terminal position error
increases as the terminal satellite radius decreases.

When the space vehicle is captured by Mars at the end
of the second cycle of the interplanetary transfer, an elliptical
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10'

Ar in Mars radii

Fig. 6 Terminal phase for Arr = 6 X 10~4 a.u.

satellite orbit about Mars results. If this orbit is not suffi-
ciently close to the desired terminal orbit, a sequence of
observations can be taken and a third cycle used to reduce
terminal errors to acceptable values. Alternatively, a new
terminal orbit much closer to Mars can be selected, and the
initial Martian satellite orbit corrected accordingly.

Conclusions

The functional equation of the dynamic programming
solution for the interplanetary orbit transfer process has
been developed, and convergence of the resultant iterative
process to the optimal solution has been demonstrated
through the use of contraction operator theory. Results
have been obtained on the effect of the number of decision
stages on convergence in orbit transfer space. In addition
the effect of the number of decision stages on the convergence
of Aa, the error components for the semimajor axis, are
determined in function space, and a comparison of the inte-
gration errors for Aa in the first and second cycle is presented.
The terminal phase behavior of the interplanetary orbital
transfer process has been studied in detail for a variety of
cases and capture conditions have been determined for a

First cycle trajectory

Second cycle trajectory

l\

Fig. 7 Terminal phase for Arr = 4 X 10~4 a.u.

number of cases. A more detailed discussion of the ma-
terial presented in this paper is presented in Ref. 5.
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